Electron-electron correlation forms the basis of difficulties encountered in many-body problems. Accurate treatment of the correlation problem is likely to unravel some nice physical properties of matter embedded in this correlation. In an effort to tackle this many-body problem, an "exact" form of a symmetry-dependent pseudopotential for an n-electron atom or ion is suggested in this study. The non-relativistic ionization potentials for atoms with up to 12 electrons generated using this pseudopotential are in good agreement with the existing experimental data. The pseudopotential is also yields reliable results for the excited states of helium and lithium atoms. With the development reported in this work, it is hoped that the uncertainties relating to the electron correlation effects within the non-relativistic quantum mechanics framework are reduced.
I. INTRODUCTION
The theory of quantum many-body systems [1] is an effective theoretical structure and solvable approach of understanding the collective behaviour of the interacting many-particle systems. The solution of the manyelectron problem is important because electrons determine the physical properties of materials and molecules. Many-body physics is heavily applicable in condensed matter, Bose-Einstein Condensation (BEC) and superfluidity, quantum chemistry, atomic, molecular, nuclear physics, as well as quantum chromodynamics.
Electron correlation energy, among the interacting many-body particles, is defined as the difference between the exact non-relativistic energy eigenvalue of the electronic Schrödinger equation and the energy of the single configuration state function (CSF) approximation, commonly called the Hartree-Fock energy [2] .
Accurate description of electron-electron interaction remains a major challenge in atomic structure calculations [2] . To meet this challenge, a number of different methods have been developed such as the many-body perturbation theory (MBPT) [3] , configuration interaction (CI) [4] , density functional theory [5] , coupled cluster theories, and different kinds of variational methods [6] . Hylleraas-type calculations [7] is an example of the variational methods in which the interelectronic distance r 12 is employed explicitly in the construction of the wavefunction resulting into the most accurate eigenvalues, although computationally expensive.
A pseudopotential is an effective potential used as an approximation for the simplified description of complex atoms, molecules, and other quantum systems. The use of pseudoptentials was first introduced by Fermi [8] . Hellmann [9] subsequently developed a pseudopotential model for atoms which has been extensively used in atomic scattering [10] . The use of pseudopotential method in the many-body problems is computationally less expensive and has the potential of revealing the underlying processes in the interaction dynamics.
In this work, a central screening potential in an independent particle model introduced in our previous papers [11] [12] [13] , is extended to incorporate the expected symmetry dependence of the electron-electron interaction in the Hamiltonian of an n−electron atom or ion. The generalised parameter-free pseudopotential developed in this work is then used to evaluate the groundstate ionization potentials of atoms with upto 12 electrons. Also, the eigenvalues of some of the excited states of helium and lithium atom have been calculated to test the efficiency of the present method. It is important to note that in the present method, we achieve total separability of the Hamiltonian of the many-electron atom or ion and hence the calculations can be considered to yield the exact non-relativistic eigenvalues. Our results are compared with reported literature data and our previous results [13] based on the classical partitioning of the electron-electron interaction.
II. THEORY
The non-relativistic Hamiltonian of an n-electron system with a nuclear charge Z is given by
where the first term on the right corresponds to the kinetic energy of the i th −electron, the second term corresponds to the interaction of the i th −electron with the nuclear charge, and the last term in the summation corresponds to the interaction between the i th − and j th − electron. The second and the last term form the potential energy function of a bound n-electron system.
In our previous work [11] , it was shown that the electron correlation interaction analytically simplifies to
because of orthogonality of the two interacting quantum states. In the independent particle approximation method, the potential function
for the i th −electron of the system. The coefficient α ij defines the ratio for partioning the correlation energy. Conventionally, factor 1/2 which assumes equal sharing of the correlation energy between the interacting electrons is usually preferred. The interaction potential V (r i , r j ) can be completely separated, by minimizing it with respect to the spatial co-ordinates, as
where the classical partition function
introduced in ref. [12] , is replaced with a corresponding quantum partition function which depends, not on the radial coordinates, but on the symmetry of the system. The process of obtaining this quantum partition function involves optimization, but using the pseudoptentials developed in the previous paper [13] and the literature data for calibration. Indeed, the success of the equal sharing of the correlation energy for spherically symmetric cases already hinted to a possibility of such a quantum partition function.
In our working, we consider that the system behaves like a quantum harmonic oscillator with each state defined by the angular momentum quantum number l i having its distinct energy given by
where ω is the photon energy. Similar to the classical partition function in equation (5), We hypothesize that the correlation energy is shared in correspondence with the distinct energy of each of the correlating states. This implies that the partition function would take the form
having used the energy of each quantum state as defined in equation (6) . One can see that for spherically symmetric states, the partition function simplifies to 1/2 signifying equal sharing of the correlation energy. In the statistical optimization embedded in equation (4), equation (7) can be expressed as
are statistical mean values obtained by fitting to empirical data. Using the suggested symmetry-dependent pseudopotential, the one electron Hamiltonian
is defined. The eigenvalue ǫ αi corresponding to state α i for an n-electron atom can be generalized as
where m refers to the number of non-vanishing integrals out of the n! permutations. For lithium, m/n = 2/3 as was already shown in the previous paper [13] . In principle, the integer m can be determined from the groundstate configuration of the atom. For reference purposes, we have also included results calculated using our previously derived pseudopotential [13] 
where the expectation value f (r i , r j ) 
III. RESULTS AND DISCUSSIONS
We have developed a symmetry-dependent pseudopotential for an n-electron system defined by equations (4) and (8) . The pseudopotential is used to calculate the groundstate ionization potentials for n-electron atoms as shown in table I with 2 ≤ n ≤ 12. Our results are compared with available reference data [14] . In generating our results, a B-spline radial box of 600 B-splines, r max = 200, k = 10, and a non-linear knot sequence is used. The groundstate ionization potentials calculated using the pseudopotentials in equation (4) and (13) are in very good agreement between themselves as well as with the reference values. The closeness between the results generated by the two pseudopotentials is a good indication showing that the classical and the quantum partitioning of the correlation energy are in agreement and physically sensible. The minor discrepancy between the results generated by the pseudopotentials can be attributed to the approximation involved in the central pseudopotential given by equation (14) . Since the calculations involving the symmetry-dependent partition function can be considered exact, without any approximation used, the results are reliable and are expected to provide the theoretical benchmark within the non-relativistic regime. The discrepancy between the groundstate ionization potentials calculated using the symmetry-dependent partition function and the measured experimental values can be attributed to be emanating from the relativistic and other higher-order corrections in the interaction Hamiltonian. [15] . The present1 and present2 are calculated using the Hamiltonians with equations (4) and (13) as the pseudopotentials respectively. The results presented are rounded off to 3 d.p.
In table II, the binding energies calculated for helium atom are compared with reported singlet and triplet data [15] . One can note that, except for the groundstate of helium atom and the 3d state, the values approximated using equation (13) are closer to the reported singlet values than the non-relativistic results generated using equation ( (4)). For the 2s state of helium, the binding energy obtained using the symmetry-dependent pseudopotential compares well with the triplet state than the singlet state. [16] . The present1 and present2 are calculated using the Hamiltonians with equations (4) and (13) as the pseudopotentials respectively. The results presented are rounded off to 3 d.p.
In table III, we present the excited state eigenvalues of lithium atom calculated using the two pseudopotentials in comparison with the existing literature values [16] . Also for this case of lithium, the two present set of results compare well with each other. The symmetry-dependent pseudopotential is actually more precise in comparison with the literature data except for the 3s and 4s states in which the central pseudopotential results are better.
IV. CONCLUSION
We have derived a symmetry-dependent pseudopotential generalized for n-electron atoms. The pseudopotential yields reliable results relative to literature data. The advantage of the present pseudopotential is that it leads to a completely separable Hamiltonian for the manyelectron atoms or ions. The separability of the Hamiltonian together with the use of the Hartree-Fock expansion of the wavefunction in terms of the Slater determinants completely describes the system within the nonrelativistic quantum mechanics. This is expected to consequently solve electron correlation effects with certainty. The discrepancy between the non-relativistic results generated using the symmetry-dependent pseudopotential and the experimental results available points to the relative importance of the relativistic and other higher-order effects in the interaction dynamics and these need further investigation. From the derived pseudopotential, one can observe that the electron-electron screening is a function of the nuclear charge, the angular momentum quantum number of the screened electron, and the total number of electrons in the multi-electron system but independent of the radial co-ordinates.
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